A T-variety is a variety X endowed with an effective action of an algebraic torus T. In [2, 3] , Altmann, Hausen and Süß gave a combinatorial description of T-varieties by means of divisorial fans. In this paper we study the topology of T-varieties in terms of this description. We compute the fundamental group of a T-variety with log-terminal singularities, the cohomology groups of an affine complexity-one T-variety and the cohomology ring and Chow ring of a shellable, complete, Q-factorial, complexity-one T-variety.
Introduction
In this paper, we study normal algebraic varieties endowed with an effective action of an algebraic torus T = (C * ) n , the so-called T-varieties. Given a T-variety X we define its complexity as dim X −dim T. Such T varieties admit a combinatorial description starting with the well-known case of complexity-zero T-varieties, i.e., toric varieties (see e.g. [8] and [13, Chapter 1] ). Then, the complexity-one case was systematically studied in [13, Chapter 2 and 4] , [17] and [9] . Finally, in [2, 3] a combinatorial description is provided for arbitrary T-varieties.
The topology of toric varieties has been well studied, for instance in the books [7, Chapter 12] and [10, Chapter 5] . In particular, the fundamental group, the cohomology groups, the cohomology ring and the Chow ring of toric varieties are known in different degrees of generality. In this paper we generalize those results to the case of T-varieties. In the toric setting, these objects depends on the combinatorial and geometric structure of its defining fan, while in higher complexity they also depend on the topology of a normal semi-projective variety Y of dimension dim X − dim T, which is a kind of quotient (chow quotient) of X by the torus action.
In the following, we describe the main results in this paper. Given a divisorial fan S on (Y, N Q ) (see Section 1), in Section 2 we construct a finitely generated abelian group N (S), which is a quotient of N Q , and a open subset of Y denoted by Loc(S). The fundamental group of X(S) is given by the following. Theorem 1. Let X(S) be a T-Variety with log-terminal singularities. Then π 1 (X(S)) ≃ N (S) × π 1 (Loc(S)).
Our next main result concerns the rational Chow ring A * ( X(S)) Q of the complexity-one T-variety X(S), which appears in the construction of X(S) given in Section 1, for a divisorial fan S on Y = P 1 . The theorem holds for a class of complete and simplicial divisorial fans called shellable, introduced in Definition 3.9. This notion generalizes the usual shellable condition for fans. Given a divisorial fan S on (P 1 , N Q ), in Section 3 we construct the polynomial ring Q[D : D invariant divisor] and the ideal I generated by all the linear relations between the invariant divisors, plus the monomials corresponding to subsets of invariants divisors with empty intersection (see Notation 3.10).
Theorem 2. Let S be a complete, simplicial and shellable divisorial fan on P 1 . Then we have an isomorphism
Finally, we study the canonical map from rational Chow groups to rational BorelMoore homology groups of complexity-one T-varieties coming from divisorial fans satisfying the conditions of Definition 3.9 and prove that is an isomorphism.
Theorem 3. Let S be a complete, simplicial and shellable divisorial fan on P 1 . Then the canonical map from Chow groups to Borel-Moore homology A k ( X(S)) Q → H 2k ( X(S); Q), is an isomorphism.
The paper is organized as follows: In Section 1 we introduce the combinatorial description of T-varieties and introduce some notation. In Section 2 we study the fundamental group of a T-variety with log-terminal singularities. In Section 3 we compute the Chow ring and cohomology ring, with rational coefficients, of complexity-one T-varieties under some conditions (see Definition 3.9). And finally Section 4 deals with the cohomology groups of affine complexity-one T-varieties, see also [1] for a computation of the rational intersection cohomology of rational contraction-free complexity-one T-varieties.
Combinatorial description of T-varieties
Let N be a finitely generated abelian group. We denote by N Q := N ⊗ Z Q the associated rational vector space and by M := Hom(N, Z) the dual of N . Let σ be a pointed cone in N Q . Given a polyhedron ∆ ⊆ N Q , its tail cone is σ(∆) = {v ∈ N Q | v + ∆ ⊆ ∆}, we say that ∆ is a σ-polyhedron if σ(∆) = σ. We denote by Pol + Q (N, σ) the set of σ-polyhedra in N Q , observe that this set endowed with the Minkowski sum is a semigroup. Given a variety Y we denote by CaDiv ≥0 (Y ) the semigroup of effective Cartier divisors. A polyhedral divisor on (Y, N Q ) is a formal sum
where ∆ D are convex σ-polyhedra in N Q , we call σ the tailcone of D. We will allow the coefficients to be the empty set ∅ ∈ Pol
Given an open subset V ⊆ Y , we define the restriction of the polyhedral divisor D to V as the polyhedral divisor D| V on (V, N Q ) given by:
Definition 1.
1. An intersection set of D is a non-empty intersection of divisors of supp(D). The intersection set is called maximal intersection set if it does not properly contain an intersection set. Given a maximal intersection set M the poly-
Given a polyhedral divisor D on (Y, N Q ) with tail cone σ, we have an evaluation map
If D is a polyhedral divisor on (Y, N Q ) with tail cone σ such that D(u) is a semiample divisor for every u ∈ σ ∨ and D(u) is big for u ∈ relint(σ ∨ ), then we say that D is a p-divisor .
We denote by X(Σ) the toric variety associated to the fan Σ. Now we generalize this notation to affine T-Varieties. Given a p-divisor D on (Y, N Q ) with tail cone σ, we denote by X(D) the relative spectrum of the coherent sheaf of algebras A(D) := u∈M∩σ ∨ D(u) on Loc(D) and recall that there is a good quotient
induced by the inclusion of sheaves O Y → A(D). This gives rise to an affine T-
A divisorial fan S is a finite set of p-divisors on (Y, N Q ) such that the intersection of any two p-divisors of S is a face of both and S is closed under taking intersections. 
Fundamental group of T-varieties
Given a p-divisor D on a variety Y , we denote by (N D ) Q the subspace of N Q generated by the subset Observe that S is contraction-free if for every D ∈ S the contraction morphism X(D) → X(D) is an isomorphism. Recall that for any divisorial fan S we have a rational quotient map π : X(S) Loc(S) and if S is contraction-free observe that this rational quotient map is indeed a morphism π : X(S) → Loc(S). Given a contraction-free divisorial fan S on (Y, N Q ) and a open subset V ⊆ Y , we will adopt the following notation
In order to prove Theorem 1, we will prove Proposition 2.3 via relaxing the hypothesis successively in Lemmas 2.4, 2.5, 2.7 and 2.8. In what follows we will assume that Y is a smooth variety and that all the divisors of the following four lemmas have tail cone σ(D) = σ. In order to abbreviate the notation we will assume that V is contained in Loc(D) in the following lemmas. Proof. Y is affine so we have X = X. Since there is only one maximal intersecting set there exists a point y ∈ Y in the intersection of all divisors of supp(D). Moreover, since N (D) is trivial, the polyhedron D y is full dimensional in N Q . By [2, Proposition 7.6] we have that the fiber π −1 (y) of the good quotient π : X → Y , contains a fixed point p, with respect to the torus action. Let p 0 ∈ X be a point on an irreducible fiber π
), so that any loop η in the fiber is homotopically equivalent to a loop in T N . In particular, we can assume without loss of generality that η(t) = α(t) · q, where α is a loop in T N with base point the identity. Let γ be a path from q 0 to p. The homotopy H : I 2 → X, defined by (t, s) → α(t) · γ(s), contracts the loop α to the constant loop at p. Thus the homomorphism N → π 1 ( X) is trivial and the first statement of Proposition 2.3 holds. The second statement follows from the commutative diagram (2.1). 
By hypothesis the divisor D − D ′ is principal and thus the sheaves of algebras A(D) and 
As in the previous paragraph we can Proof. By Lemma 2.5 we reduce to the case when all the polyhedral coefficients of D are points and using remark 2.6 we can reduce to the case N ≃ Z. Observe that in this case the morphism X =X → Y is a topological C * -fibration. Let m ∈ Z >0 such that all the points of mD are integrals, then we have that X(mD) ≃ C * × Y . Observe that the morphism X(D) → X(mD) is the quotient by a cyclic group of order m. Both p-divisors have the same trivial open subset and we have the following commutative diagram
where the vertical arrows are open embeddings. Passing to the fundamental group we have the following commutative diagram
The vertical arrows are surjective morphisms by [7, Theorem 12.1.5] . By the commutativity of the diagram we conclude that
On the other hand, we have the long exact sequence of the fibration X(D) → Y :
Choosing C * to be a fiber of a point in the trivial open subset of Y we can see that
and the result follows.
Proof. We split the proof in four steps.
(1) Observe that if Proposition 2.3 holds for the open sets
where i 12 : 
Taking the free product of the two diagrams and using
Step (1) we get the following push-out diagram
where the maps ı 1 and ı 2 are induced by the inclusion of the corresponding open subsets. Then
Moreover, observe that we have a commutative diagram
where
induced by the two inclusion maps and the square diagram is a push-out. Then by universal property of the push-out diagram the unique homomorphism p is induced by the inclusion
Moreover we have a commutative diagram
where p ′ is induced by the inclusions 
such that every divisor of supp(D) is principal at any V i , and D| Vi has only one maximal intersection set. Let V ′ be any finite intersection of the V i 's, then V
′ is an open affine set, so D| V ′ is a p-divisor on V ′ with only one maximal intersection set. By Lemma 2.7 we conclude that Proposition 2.3 holds for V ′ . Thus, we are in situation of
Step (3) and Proposition 2.3 also holds for V .
Proof of Proposition 2.3. First we prove the Theorem in the case V = Y . We proceed by induction on the number n of p-divisors of S. If n = 1 then X(S) = X(D) and results follows from Lemma 2.8. Suppose that S is the set of p-divisors {D 1 , . . . , D n } and the result is true for n − 1. Assume that D n is maximal with respect to the inclusion. Using the induction hypothesis on the divisorial fans
By a similar argument as in the proof of Lemma 2.8 we have a commutative diagram
for each i ∈ {1, 2}. Thus the homomorphisms induced by the inclusion X(S ′ ) → X(S i ) is α i × β i where on each factor the corresponding homomorphism is induced by the inclusions Loc(S) → Loc(S i ) and N Si → N S , for each i. We have the following push-out diagram
follows by the Seifert VanKampen Theorem. We now look at the homomorphism
where all the arrows are induced by inclusions and p i is the composition
for each i. Then by the universal property of the push-out diagram we have a commutative diagram
where p ′ is induced by the inclusions N σ(S) ⊆ N S and V S ⊆ Loc(S). The statement follows.
Proof of Theorem 1. Reasoning as in the proof of Proposition 2.3, by gluing affine T-varieties, it is enough to prove the affine case.
Let D be a p-divisor on (Y, N Q ) such that X(D) have log-terminal singularities. Let r S : X(S) → X(D) be a toroidal resolution of singularities of X(D) such that S is contraction-free and D has the same locus and support than S, see [14] . Thus, we have a commutative diagram 
These irreducible toric varieties are intersecting along T-invariant divisors, hence the big torus is still acting on X(△). Observe that the orbits of X(△) are in one-toone dimension-reversing correspondence with the faces F ≤ △. We denote by △(k) the set of faces of codimension k and given a face F ∈ △(k) we denote by O F its corresponding torus orbit of dimension k. Given ∆ a polyhedral complex consisting of a finite number of σ i -polyhedra △ i , we can glue the affine toric bouquets X(△ i ) and X(△ j ) along X(△ i ∩ △ j ) to obtain a toric bouquet X(∆). We denote by ∆(k) the set of faces of codimension k of ∆. Proof. We denote bye X i the union of all orbits corresponding to faces of codimension at most i. This gives a filtration X = X n ⊇ X n−1 ⊇ · · · ⊇ X −1 = ∅ by closed subschemes. The complement of X i−1 in X i is a disjoint union of |∆(i)| torus orbits of dimension i. We conclude by the exact sequence [10, Proposition 1.8]
the generic point and ρ ∈ S y = Σ(S) is a ray, we denote the corresponding horizontal divisor by D ρ and if y ∈ Y is a closed point and v ∈ V(S y ) is a vertex, we denote the corresponding vertical divisor by D (v,y) .
Proposition 3.4. Given a divisorial fan S on a curve Y the Chow group A k ( X(S))
is generated by the classes of the horizontal and vertical cycles of dimension k.
Proof. Let p 1 , . . . , p r be the support of the divisorial fan S. Recall that each π −1 (p i ) is a toric bouquet and that we have an isomorphism
Recall that by Proposition 3.2 the Chow group
is generated by vertical cycles of dimension k, while using the above isomorphism we see that the Chow group A k (π −1 (Y − {p 1 , . . . , p r })) is generated by vertical and horizontal cycles of dimension k. Using the exact sequence of Chow groups relating the closed subscheme r i=1 π −1 (p i ) and its complement the result follows.
Definition 3.5. Given a polyhedral complex ∆ on N Q , we say that ∆ is shellable 1 if we can order the maximal polyhedra △ 1 , . . . , △ k of ∆ such that for each i the following set odered by inclusion
has a unique minimal element denoted by G i .
For example the fan of a projective and simplicial toric variety is always shellable by [10, Section 5.2, Lemma]. Observe that for each face F of a shellable polyhedral complex ∆ there is a unique i such that G i ⊆ F ⊆ △ i . Definition 3.6. We say that a polyhedral complex ∆ is simplicial if for each vertex v ∈ ∆ and maximal polyhedron v ∈ △ ∈ ∆ the cone Q · (v − ∆) is simplicial.
Let ∆ be a shellable polyhedral complex and △ 1 , . . . , △ k , the order induced in its maximal polyhedra. for 1 ≤ i ≤ k we define the subvarieties of X(∆)
is the quotient of an affine space by a finite group.
Proof. Recall that for each face F of S y there is a unique i such that G i ⊆ F ⊆ △ i , then π −1 (y) is the disjoint union of the sets Y i . The closure of O F is the union of all the orbits O F ′ with F ′ ⊇ F , then we conclude that each Z i is closed. The last assertion follows from the fact that each irreducible toric component of π −1 (y) is a simplicial toric variety. Consider a divisorial fan S on P 1 , with support {p 1 , . . . , p r }, such that X(S) is complete and Q-factorial. We denote by S i the polyhedral complex corresponding to the toric bouquet π −1 (p i ), for i ∈ {1, . . . , r} and by S 0 the polyhedral complex corresponding to the toric variety π −1 (p 0 ), where p 0 is a general point. Assume that S i is shellable with ordered maximal polyhedra △ 
Since Y i is the quotient of an affine space by a finite group we conclude that
for j ∈ {1, . . . , i 0 }. Observe that j i is well defined, since B 0 is a Q-vector space basis of A * (X(S 0 )) by Proposition 3.8.
Definition 3.9. We say that S is complete if X(S) is a complete variety. We say that S is simplicial if X(S) is a Q-factorial variety. We say that S is shellable if j i,k is injective for each k ∈ N and i ∈ {1, . . . , r}.
For each face F of S i , we denote by i(F ) the minimum positive integer such that F ⊆ △ i(F ) . Observe that a sufficient condition for j i,k to be injective is that for each 1 ≤ n < m ≤ k 0 we have that
Indeed in this case the representative matrix of j i with respect to the basis B 0 of A * (X(S 0 )) and B i of A * (X(S i )) contains a triangular submatrix of full rank. Notation 3.10. Given a complete, simplicial and shellable divisorial fan S on P 1 , we denote by Q[D ρ , D (p,v) ] the polynomial ring over Q generated by elements D ρ and D (p,v) for ρ ∈ Σ(S)(1) and v ∈ V(S p ), with p ∈ P 1 . For each face F of a slice S p with p ∈ P 1 , we have a corresponding monomial in Q[D ρ , D (p,v) ], which is the product of all the elements D ρ and D (p,v) such that v ∈ F and ρ ∈ σ(F ). We denote such element by p(F ).
For each cone σ of the fan Σ(S), we have a corresponding monomial in
, which is the product of all the elements D ρ with ρ ∈ σ. We denote such element by p(σ).
We denote by I the ideal generated by
for each rational function f ∈ C(P 1 ) and character lattice χ u ∈ M and by all the monomials which are not of the form p(F ) nor p(σ).
Proof of Theorem 2. In the proof we omit the rational coefficients in order to abbreviate notation. We start by proving the first statement. Let U = X(S) − ∪
We have a commutative diagram of Chow groups and Borel-Moore homology with rational coefficients
The first vertical arrow is an isomorphism by Proposition 3.8. Using that
is an isomorphism for each k, Künneth formula for Borel-Moore homology [6, Section 2.6.19] and Proposition 3.8, we see that the third vertical arrow is an isomorphism. Moreover H 2k−1 (U c ) = 0 by Proposition 3.8. We define an injective homomorphism
in the following way. Given the orbit closure V of X(S 0 ) we map its class [V ] ∈ A * (X(S 0 )) to the class of ı * i (V × P 1 − {p 1 , . . . , p r }), where ı i : X(S i ) → X(S) is the inclusion of the reduced fiber. This map extends to an injective homomorphism 
, i is the injection induced by the above homomorphism, and j is the unique arrow making the diagram commutative. By the four lemma the third vertical arrow is surjective, then j is injective. Since
for each k by Proposition 3.8, all the vertical arrows are isomorphisms. Moreover, we will denote by △ 1 , . . . , △ k , the ordered maximal cones of Σ(S) and we denote by G 1 , . . . , G k the minimal elements. We assume that the shellability induced in S 0 and Σ(S) are the same.
Lemma 3.11. Let S be a divisorial fan on P 1 as above. Let ∅ = G H ⊆ F be faces in S i , with i ∈ {0, . . . , r}. Then there exists an element on I of the form
where H j are faces of S i , with with G ⊆ H j and H j ⊆ F , and m j ∈ Q.
Proof. Let V(F ) = {v 1 . . . , v k }, and σ(F ) = {ρ 1 , . . . , ρ k ′ }. We prove the case where v 1 ∈ V(H) is not in V(G) (the case where exists ρ ∈ σ(H), not in σ(G) is analogous). Recall that the set
is linearly independent in N Q ⊕Q. Consider an element u ′ ∈ M ⊕Z = Hom(N ⊕Z, Z) which vanishes at all the elements of S − {(v 1 , 1)} and u ′ (v 1 , 1) = 1. Let u be the restriction of u ′ to M and consider a rational function f ∈ C(P 1 ) with ord pi (f ) = u ′ (0, 1) and ord
where all but the summand D (pi,v1) correspond to vertices or rays which are not in ,v1) , subtracting all the monomials which are not of the form p(F ), with F a face of S i , and observing that p(G) divides p (H)/D (pi,v1) , we get the result.
Lemma 3.12. Let S be a divisorial fan as above and let S i be a slice with i ∈ {0, . . . , r}. The ideal D (p,v) ]/I is generated as a Q-vectorial space by the set {p(G i j ) + I | j ∈ {1, . . . , k i }}. Proof. First we prove that I i is generated by square-free monomials. To this aim it is enough to show that for any face F of S i and v ∈ V(F ) the element D (pi,v) p(F ) and D ρ p(F ) are equivalent to sum of square-free monomials modulo I. Following the proof of Lemma 3.11 we can find an element div(f χ u ) ∈ I which contains D (pi,v) as a summand and the other summands corresponds to vertices and rays which are not in F . Multiplying this element by p(F ) + I we conclude that D (pi,v) p(F ) is equal to a linear combination of square-free monomials. A similar argument applies to D ρ p(F ).
By descending induction on k, we prove that if In the following proof, given a face F ∈ S pi , with i ∈ {1, . . . , r}, we will denote by D F the p-divisor with support {p 1 , . . . , p r } and slices D F pi = F and D F pj = ∅, if j = i. Recall that we have a open embedding X(D F ) → X(S).
Lemma 3.13. Let S be a complete, simplicial and shellable divisorial fan on P 1 . Then every T-invariant prime subvariety of X(S) is the complete intersection of T-invariant divisors.
Proof. Recall that, according to Definition 3.3, any T-invariant prime subvariety of X(S) is of the form O F , where F is a face of the slice S y and y ∈ P 1 is a point. If y is a closed point, then O F , with F ∈ S y , equals
, so that the following equality holds:
If y is the generic point and p ∈ P 1 is a cloasd point, localizing to a toric neighborhood of p we have the equality
where the ⊆ inclusion is clear, while the ⊇ inclusion is due to the fact that if
is an open subset of X(S) which contains O F ′ and is disjoint from O F . We conclude that
Proof of Theorem 3. We have a canonical homomorphism
which maps every D ρ (resp. D (p,v) ) to the class of the corresponding divisor. In X(S) every T-invariant cycle is the intersection of T-invariant divisors by Lemma 3.13, then the above homomorphism is surjective. Recall by [4, Theorem 26 ] that given a rational function f of P 1 and a character χ u of the torus acting on X(S), the
] is in the kernel of the homomorphism. Consider a monomial m of the form
If there exist 1 ≤ i < j ≤ k such that p i = p j then the image of m in A * ( X(S)) is zero because we are intersecting two divisors which are in diferent fibers of the quotient morphism X(S) → P 1 . If all the p i 's are equal, we can localize to the toric neighborhood X(Σ i ) of π −1 (p i ) and see that there exists no face F in S pi such that σ(F ) = ρ 1 , . . . , ρ k ′ and V(F ) = {v 1 , . . . , v k } if and only if there exists no cone in Σ i generated by In order to conclude we prove that there is a subset of Q[D ρ , D (p,v) ]/I which generates it as a Q-vector space and whose image is a Q-basis of the Chow ring.
Observe that the subring of A * ( X(S)) Q generated by {D ρ | ρ ∈ Σ(S)(1)} is isomorphic to A * (X(Σ(S))) Q , and by Proposition [10, Chapter 5] it is generated as Q-vectorial space by the monomials p(G j ), with j ∈ {1, . . . , k}.
From now, we use the notation of the proof of Theorem 3. The restriction of φ to I i induces a surjective homomorphism α i : I i → A * (X(S i )) of Q-vector spaces which maps {p(G i j )+ I | j ∈ {1, . . . , k i }} into a Q-basis of the codomain. Then α i is an isomorphism by 3.12. Consider a rational function f ∈ C(P 1 ) with ord p0 (f ) = 1 and ord pi (f ) = −1. Expanding the product p(G j ) div(f χ 0 ) ∈ I we deduce the following
For each i, we define the Q-linear map
which makes commute the following diagram
In particular, for each i we can choose a set of elements B i of I i which are linear combination of the monomials p(G i j ) + I, such that the image of B i via φ is a basis of coker(j i ). Observe that {p(G 0 j ) + I | j ∈ {1, . . . , k 0 }} ∪ B i generates I i as a Q-vector space for each i. Being X(S) a Q-factorial variety and using Theorem 3 we have that
coker(j i ).
We conclude that the set
]/I which generates its as a Q-vector space and whose image is a Q-basis of the Chow ring.
The following example gives the dimensions of cohomology groups with rational coefficients of a complete Q-factorial threefold with shellable divisorial fan.
Example 3.14. Let S be shellable divisorial fan on P 1 such that X(S) is a complete Q-factorial threefold. Denote by p 1 , . . . , p r the support of S and by S i the slice at the point p i . We denote by s i the number of maximal polyhedra in S i . Using Theorem 3 we can compute the dimension of its cohomology groups with rational coefficients
Remark 3.15. Observe that the conclusion of Lemma 3.13 is no longer true if we substitute X(S) with X(S). As an example consider the quadric Q = V (x 1 x 2 + x 3 x 4 + x 5 x 6 ) of P 5 . It admits an effective action of (K * ) 3 and thus is a T-variety of complexity one, so that Q = X(S) for some divisorial fan S on P 1 . On the other hand Q is isomorphic to the Plücker embedding of the Grassmannian G(2, 4) and its Chow ring of Q is well known: A 1 (X) ∼ = Z is generated by the class of a hyperplane section and A 2 (X) ∼ = Z 2 . Hence A * (X) cannot be generated by classes of invariant divisors.
Topology of complexity-one T-varieties
In this section Y denotes a smooth curve. 
) and we will denote by N ∆i the kernel of the surjective homomorphism N (σ) → N (∆ i ), then we can identify N (∆ i ) with a subspace of N (σ) via the isomorphism N (σ) ≃ N (∆ i ) ⊕ N ∆i for each i. We will use the following notation
Observe that for each i the subspaces N (1) If D have affine locus, then H k ( X(D)) is isomorphic to
(2) If D have complete locus, then H k ( X(D)) is isomorphic to
Lemma 4.2. Let N, N ′ , N ′′ be free finitely generated Z-modules. Then the following statements hold.
(1) Let f : N ′ → N be a surjective homomorphism with kernel K. Then the kernel of ∧ k f :
(2) Let K 1 , . . . , K r be submodules of N ′ and let K i := K i+1 , . . . , K r . Then the kernel of the sum homomorphism K 1 ⊕ · · · ⊕ K r → M is isomorphic to Proof of Proposition 4.1. We prove the first assertion. Recall that N ′ (σ) ≃ N (σ) ⊕ Z, then for each k we have
Using [7, Proposition 12.3 .1] we see that
In order to compute H k (X(D)) we will study the homomorphism
We denote by i k,1 and i k,2 the coordinates of i k . Then we can write
where i k,2 is induced by the sum homomorphisms Z r → Z and the injection Z r → H 1 (Y ) ⊕ Z r and i k,1 corresponds on each factor to the k-th wedge homomorphism of the projection N (σ) → N (∆ i ) and the zero homomorphism on ∧ k−1 N (σ). Then, the kernel of i k corresponds to the elements of ⊕ Observe that this is a free finitely generated abelian group. On the other hand, i k,1 is a surjection, then using part (1) and (3) of Lemma 4.2 we conclude that the cokernel of i k is isomorphic to
Then the first assertion follows. We will use the following notation M D
